Local phase invariance of the free-particle Schrodinger equation in momentum space 
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The local phase-invariance of the momentum-space Schrodinger equation for free-particle has 
been used to construct quantum kinematics that describes a motion of the particle in external 
U(l) background gauge field. The gauge structure over the momentum space of the particle is 
interpreted in terms of helicity and spin carried by the particle. As a byproduct an effective one- 
particle Schrodinger equation of motion for the helicity-carrying particle in external potential field 
is derived. An effect of spin-dependent screening of the external potential is predicted, that can 
affect quantization and splittings of energy levels of the particle. 

PACS numbers: 



I. INTRODUCTION 

Gauge structure appears in simple dynamic systems 
[l| . Observable consequences of the gauge structure may 
be extracted for real systems, such as geometrical phase 
effects [3, y| , that can affect the state of a dynamic sys- 
tem in contact with slowly changing environment. For 
instance, such effects have been observed by measur- 
ing the changes in the direction of polarization of light 
propagating in a helically coiled optical fiber [4]. Ob- 
served adiabatic rotational energy-level splittings in nu- 
clear quadrupole resonance spectra |5| has been inter- 
preted in terms of geometrical phase accumulated by nu- 
clear spin states as the orientation of the crystal sample 
is slowly changed. Quantization of the energy of molecu- 
lar (pseudo)rotation motions by fractional quantum num- 
bers has been observed in the light-absorption spectrum 
of Na3 molecules Q and explained by an intrinsic geo- 
metrical phase affecting the slow motion of constituent 
nuclei. Transport measurements of the anomalous Hall 
resistivity coefficient of ferro-magnetic compounds have 
been related and attributed to the appearance of gauge- 
structure over the momentum space of the charge carriers 
[3, Q. The presence of intrinsic to the material back- 
ground monopole-like gauge field changes the "normal" 
direction of propagation of charged particles and can lead 
to observable changes in the transverse conductivity of 
the ferro-magnetic crystal. 

The subject of this paper is to study the appearance of 
gauge structure over the momentum space of a free parti- 
cle, described quantum-mechanically by a non-relativistic 
Schrodinger equation of motion. The paper is organized 
as follows, in Sec. II, the local phase invariance of the 
free-particle Schrodinger equation in momentum space is 
used to introduce a background monopole-like gauge field 
A(p), which effectively changes the free-particle kinemat- 
ics without affecting the dispersion relation E — p 2 /2 
between energy and momentum. In Sec. Ill, the ap- 
pearance of gauge structure over the momentum space 
of the free particle is interpreted in terms of additional 
two- valued (spin) characteristic carried by the particle as 
it moves. In Sec. IV, an effective equation of motion for 



the helicity-carrying particle in external potential field 
is derived. In this approach, the transport of helicity 
by the particle is expressed by a form-factor or path- 
dependent Berry's phase that has an effect to screen the 
external static background potential field. Unless other- 
wise stated, we use atomic units (e = H = m e = 1). 



II. QUANTUM KINEMATICS OF A FREE 
PARTICLE 



In momentum representation, the free-particle 
Schrodinger equation is 



- E V(P) = 0, 



(1) 



where E is the kinetic energy of the particle, and p is the 
momentum, which is a multiplication operator. Eq.(fT]) is 
invariant under local change of the phase of the wave- 
function 

V(p) ^(p)e-* A (P\ (2) 

which is because the momentum p does not change 

e -*A(p) pel A(p) = p (3) 

Therefore the phase of the wave-function is not fixed by 
Eq.(fT]). Under an infinitesimal local phase transforma- 
tion of Eq.@, the wave- function changes as 

<ty(p) = -»A(p)^(p), (4) 

however the derivative 

8[V P ^] = -iA(p)V p V(p) - i(V p A(p))V(p) (5) 

does not change in the same way. Since the description 
of the free-particle motion is independent on the choice 
of phase, we introduce a derivative that transforms co- 
variantly under E/(l) phase transformations 



D = V p + ieA(p) 



(6) 



where e is a coupling constant (not necessarily e = 1), 
and A(p) is a compensating gauge field, that transforms 
according to 



A(p)^A(p) + -V p A(p), 



(7) 



and ensures that 



D&/> = S[V p ip]+ie(6A)tp+ieA6tp = -iA(p)T)ip(p) (8) 

nothing depends on the arbitrary local phase factor. A 
gauge-invariant one-particle displacement operator R = 
iD can be introduced, which satisfies the commutation 
relations 



[Ri,Pj] 



[Ri , Rj 



-ieFij(p) 



(9) 



where Fij is anti-symmetric second-rank tensor of the 
displacement field strength 



13 d P i° 



dp_ 



■Ai — EijkB 



(10) 



Eijk is the Levi-Civita symbol and B/. (p) labels the com- 
ponents of the background magnetic-like field. Gauge- 
invariant angular momentum operator can be introduced 
L = R x p, however its components do not satisfy canon- 
ical commutation relations 



[Li,Lj] = iEijkLk — ieSiuSjmnPlPnF} 



krn 



(11) 



and {Li} are not generators of spatial rotations. The 
canonical angular momentum algebra [Li, Lj] = iEijkLk 
can be restored when the background magnetic-like field 
is rotation-symmetric B(p) = B(p)p by the transforma- 
tion 



L = R x p + ep 2 B(p)p, 



(12) 



The form- factor B{p) can be determined from the re- 
quirement that the displacement operator transforms as 
a vector [Li,Rj] = ieijkRk, which is only satisfied when 
B{p) = g/p 2 , where g is a field-strength constant. The 
conserved gauge-invariant rotation operator is given by 



L = R x p + egp, 



(13) 



Eq. (TiUl) is momentum-space analogue to the angular mo- 
mentum operator r x (p — eA(r)) — egr of a charged parti- 
cle in an external magnetic field of point monopole charge 
of strength g. The rotation symmetry restoration term 
egp is related to the generator of gauge transformations 
of the wave-function W = egp ■ n which compensates for 
the non-symmetric response of the gauge-field A(p) to 
rotations about the unit-vector n |9||. 

Analogously, a gauge-invariant extension of the gener- 
ator of Galilei boost transformations can be based on the 
operators 



K = pt R, 



(14) 



where t is the time evolution parameter. The boost op- 
erator components do not commute 



[Ki,Kj] = [Ri,Rj] = -ieFij(p) 



(15) 



but are simply related to the conventional generators by 
change of coordinates 



K4K + eA = p(-r 



(16) 



Under an infinitesimal boost transformation generated 
by the operators {Ki}, the coordinates R change as 

SH = Sr - eSA = i[5v K, R] = Svt + ^(5v x p. (17) 

The first term Svt is the infinitesimal Galilei transforma- 
tion, which is supplemented by a term, which describes 
an apparent rotation of the momentum p about the direc- 
tion of the boost (5v. The accompanying rotation effect 
is normally suppressed at high kinetic energies p 2 3> eg. 
The canonical coordinates r change in conventional way 
as Sr — Svt, since the variation of the gauge-field <5A 
can be compensated by re-definition of the phase of the 
wave- function. 

The representation of the modified boost operators in 
the Hilbert space of states is based on exponentials 



U(v) — exp(— iv ■ R), 



(18) 



depending on a velocity vector v, with the following ac- 
tion onto the wave-function 

U(v)tp(p) — exp(— iv ■ R) exp(iv • r)t/j(p + v). (19) 

The product of the two exponentials can be expressed by 
a straight-line integral 

/ rP+v 

exp(— iv ■ R) exp(iv • r) = exp I ie / dk ■ A(k) 

(20) 
that connects the points p with p + v. The composition 
law for the generalized boost transformations takes the 
form 

C(vi)tr(v a ) = exp[zo; 2 (p,v 1 ,v 2 )]C/(v 1 +v 2 ), (21) 

where 



W2(p,v 1 ,v 2 ) 



e f dk- A(k) 

'A, 



(22) 



is the Berry's phase [2], which is the flux of the back- 
ground magnetic-like field B(p) through the triangle A 2 
formed by the vertices of the momenta p, p + vi and 
p + V! +v 2 . The phase factor violates associativity of the 
gauge- invariant boost transformations (cf. [l0(), since 



[t/(viMv 2 )]f/(v 3 ) = e 



iUls (p, Vl , V2 , V3 



^(vi)[C/(v 2 ))C/(v 3 )] 
(23) 



where a three co-cylce phase w 3 

CJ 3 (p,Vi,v 2 ,v 3 )=ep B-dS (24) 

is the flux of the background magnetic-like filed through 
a tetrahedron A 3 formed by the vertices of the momenta 
p, p + Vi, P + V1+V2 and P + V1+V2 + V3. Associativity 
can be restored when a Dirac-type quantization condition 
is satisfied 

w 3 (p, Vi, v 2 , v 3 ) = 2nn, (25) 

Applying the Stokes theorem to Eq.([2"4"]) gives 



d 3 kV k • B(k) = 4ireg = 2irn 



(26) 



which implies quantization of the product of the two cou- 
pling constants eg — n/2. 

Since the background magnetic-like field is rotation 
symmetric, it can not be written as B = V p x A(p) 
over the entire momentum space. Locally, we can look 
for a gauge field A(p) in the form 



A(p) = A(0)V p <p, 



(27) 



where (9, ip) are the spherical coordinates of the momen- 
tum p = (p,9,ip), the equation B = V p x A is solved 
by 



A(9) = -g(l + cos( 



(28) 



The gauge field A exhibits unremovable coordinate-type 
Dirac string singularity along the line 9 — 0. Singularity- 
free gauge fields can be defined on two overlapping mo- 
mentum space patches 

ol- COS 9 IT 

Ajv = ^ — — (p, R N :0<9<-+e 

p sin 9 2 

A s = - 9 - l -±^0 Rs:l-e<9<* (29) 
p sin 9 2 

where Ajy is regular on the northern momentum-space 
hemi-sphere Rn, while A has support on the southern 
hemi-sphere Rs- Near the equator Rn[)Rs, where the 
gauge-field has a discontinuity, the pair of potentials can 
be related by a gauge transformation 



ie~ m ' p V p e m ' p 



LJV, 



(30) 



Since the gauge-field is not globally defined, the rotation 
operator L is not globally defined either. The component 
of the rotation operator onto the space-fixed z-axis is two- 
valued, since 



L z = —id,, 



eg, 



,<p) G Rn 



or 



-id v - eg, (9, tp) € Rs 



(31) 



(32) 



depending on the orientation of the wave- vector p. How- 
ever, the rotation-symmetric term that restores conven- 
tional angular momentum algebra 



egp 



(33) 



is conserved and does not depend on the momentum 
space patching. It is related to the helicity of the particle 
by 



L ■ p = s ■ p = eg = n/2, 



(34) 



which is quantized topologically with integer or half inte- 
ger numbers. The free-particle wave-functions of definite 
helicity /i = eg are eigen-functions of the operators L 2 
and L z . The square of the angular momentum operator 
in Eq. (|13p for the northern patch is then given by 



1 



sin 2 9 



sm 61— I sin 



d^-^ {1 



(35) 



with corresponding rotation operator about the z-axis 
L z = — id v + /i. Angular momentum eigen-functions can 
be determined from the equations 

L \lmn) = 1(1 + l)\lmii) , L z \lmfj,) = m\lmp,), (36) 

for I = |/i|, |/i| + 1,... and —l<m< I. Wave- 
functions are given by sectional (spin- weighted) Wu-Yang 
monopole harmonics 



Y lmfi (9,(p) = (0,p\lmn) 



(37) 



or equivalently expressed by the Jacobi polynomials 

5W(6» = N lm e^+ m ^(l - z)-(^+™)/ 2 x 
x(l + z)-^- m V 2 P^- m '-« +m) (z), (38) 

where z ~ cos 9 and Ni m are normalization constants. 
The wave-functions Yi m ^ of half-integer angular momen- 
tum (i = n/2 correspond to spinor representations of the 
rotation group, since they are related to the Wigner's ro- 
tation functions by Yi mll (9, <p) = D l (—ip, 9, ip). The to- 
tal one-particle wave-function, that is an eigen-function 
of H,Ij 2 ,L z is characterized by four quantum numbers 
and given by 



S(p-k) 

IpklmniP) = ^T -*W(p), 



(39) 



where k = \2E is a characteristic wave-number. When 
[i = 0, these wave-functions reduce to the conventional 
spherical harmonics Yj m (6 l , ip). 



III. HELCITIY AND SPIN OF A FREE 
PARTICLE 

The effects of the gauge-field can be expressed by the 
non-integrable phase factor 



exp (i dk- A(k) 



(40) 



which accompanies the translation motion of the free- 
particle. The gauge-potential one-form A = dk ■ A(k) 
is singular and can not be defined globally over the two- 
dimensional unit sphere S 2 . A description that avoids 
gauge patching of the momentum space can be based 
on constructing a Hopf bundle [111 . [L2J over the two- 
dimensional unit sphere S 2 . We further restrict our anal- 
ysis to the minimal non-trivial helicity quantum numbers 
/i = +1/2 and n = — 1/2. A regular gauge potential one- 
form can be defined on the three-dimensional unit sphere 
S 3 in four-dimensional Euclidean space R 4 . The 3-sphere 
can be parametrized by four coordinates 



Pi 



cos - cos a 



P2 = cos — sin a 

9 i 
P3 = sin — cos((y9 + a) 

9 ■ , 
P4 = sin — sm{tp + a) 



(41) 



such that p\ + p\ + p 2 + p\ — 1. These four coordinates 
can be grouped into a pair of complex numbers (zi,z 2 ) 
as 



z\ = p\ + ip-2 = cos -e 



Z2=P3 + ip4 = sin -e^+ Q ) 
(42) 

These complex coordinates are related to the spherical 
coordinates p(8, p) on S 2 by the Hopf projection map 
ir:S 3 ->S 2 



n\ = z\zi + z^z\ = sin0cos</? 
n<i = i(z%Zi — z*z%) = sin0siniy9 
|2 -cos6» 



n 3 



zi 



Z2 



(43) 



where (ni, 712,713) are the Cartesian coordinates of the 
unit wave- vector p. Since locally the 3-sphere has a prod- 
uct form S 2 x S 1 , the Hopf projection has the property 
to eliminate the dependence on the third anHgle a by 
mapping the unit circle S 1 parameterized by a to a sin- 
gle point on S 2 (9,(p). The pair of complex coordinates 
can be grouped into a two-component spinor to label the 
points on S 3 



cos(6>/2)e iQ 

sin(0/2)e^ +a ) 



(44) 



In these coordinates the Hopf projection map in Eq. (|4"3")l 
is written more simply 



p(0, ip) = z^crz, 



(45) 



where er = (<Ti,<72,cr3) are the three Pauli matrices. A 
globally-defined connection one-form in these coordinates 
is given by 



= —iz'dz = p\dp 2 — P2dpi + pzdpA — p^dps = 



da+ — (1 — cos 9) dp 



(46) 



which looks like the Wu-Yang potential one-form on the 
northern patch supplemented by an exact one-form da. 
The S 3 one-form is invariant under global U{2) transfor- 
mations of the spinor coordinates, i.e. 

z -> Uz, U^U = 1, u -> u} (47) 

The SU(2) subgroup acts by the matrices 

U(n,n) = exp(iQn-er), (48) 

and the result projected onto the two-sphere through the 
Hopf map as 

z* '(IF crU)z = pcosil + n(n-p)(l — cosO) + (n x p) sinfi 

(49) 
generates rotation of the unit-vector p on an angle 
£1 about the vector n. Though the group {A £ 
SL(2, C)|detA = 1} of linear transformations of the 
spinor coordinates also acts on these states, the S 3 con- 
nection one-form u is not invariant under such transfor- 
mations. In orthogonal coordinates (0, £ = p + a, a) that 
diagonalize the metric on the unit 3-sphere 

ds 2 = -d6 2 + cos 2 -da 2 + sin 2 -d£ 2 (50) 

4 2 2 

the gauge-potential one- form in Eq. (|4"6l is 

1 9 

lu = -LUgdO + cos -uj a da + sin -ui^dt;, (51) 



non-singular with components 



uj g = 0, 



cos- 



We — sm • 



(52) 



The corresponding gauge-field strength two-form 



F = dw = -~iz f A dz = - sin 9d6 A dp (53) 

is exact and closed two-form (dF = 0) on S 3 . It gives 
half of the volume of the two-dimensional unit sphere 
S 2 and therefore the topology of the 3-sphere can be 
characterized by the first Chern number 



Cl 



1 
2^ 



F = +l, 



(54) 



which corresponds to a conserved helicity quantum num- 
ber fj, = +1/2. The reduction to the Wu-Yang monopole 
gauge potentials over the 2-sphere can be obtained by 
taking sections of the 3-sphere. Local sections of 5* 3 can 
be taken if a particular value for the phase angle a is 



fixed, such that the metric on the 3-sphere reduces to 
the metric on the 2-sphere ds 2 = dO 2 + sin 2 8d<p 2 in the 
north R N , (9/2 -> 9) and south R s ,(n - 9)/2 ->• 9 hemi- 
spheres, respectively. These two choices correspond to 
fixing a — and a = — tp in Eq.( 1511) and leading to the 
Wu-Yang monopole potentials on the two local patches 

A N = -(1- cos 6)d(p, A s = --(1 + cos 0)dip, (55) 

respectively. Using the property of the Hopf projection 
map, the regular S 3 connection one-form can be written 
in more compact way in terms of projection operators 

oj = daz* — (1 + 173)2 + d^z* — (1 — 173)2 (56) 

where (73 = diag(+l, —1) is the third Pauli matrix. The 
eigen-states of (73 



1 



-CT3|cr; = a\a) 



for a = ±1/2 are two-component spinors 

(1,0) T = |+), =(0,1) T = |- 



(57) 



(58) 



which can represent the north N — (0, 0, 1) and south 
poles S = (0, 0, —1) on S* 2 , as follows from the property 
of the Hopf map (cf. Eq. (|4"B")) ). In terms of these two 
states, the S 3 gauge-potential one-form 



lj = da\(+\z)\ 2 + d£\(-\z)\ 2 



(59) 



is written as a sum of separate probabilities for an S 3 
point z to have two different signatures ±. For fixed 
9, the two circle variables (£, a) parameterize a one- 
dimensional complex torus T 2 = S 1 x S 1 (e la ,e 1 ^) in 
S 3 , and hence locally u is viewed as one- form over the 
torus. The changes of 8 generate a family of tori T 2 (9). 
A linear equi-variation of the phase angles on a curve 
7 (s) = (a(s) = s,£(s) = s) gives 



= ds, 



(60) 



i.e. u) reduces locally to an exact one-form. The unit 
Euclidean four-momentum changes as 



n(s) = (cos - cos s, cos - sin s, 

.9 . 9 . , 

sm — cos s, sin — sin s) 

1 1 ' 



(61) 



and describes a helix which lies in the flat torus p\ + 
p\ = cos 2 9/2, pi + p\ = sin 2 6*/2. When the phase 
angle changes are not equi-variant a 7^ £, the helical 
paths the particle follows deform continuously. The two- 
component spinors z(6,£,a) can be used to represent a 
quantum state of additional spin-projection variable a 
that takes only two values a = ±1/2. This is because, 
when the particle propagates north p = (0,0,1), and a 
local section onto the north hemisphere is taken 



then a "points" north, since |(±|z)| 2 = 1. Analogously, 
setting p = (0, 0, —1) and taking southern local section 



-A s = d<p\(+\z)\ 2 = 0, 



(63) 



shows that the variable a is "pointing" south |(— \z)\ 2 
1. In all cases, this can be written as 



A a = ad(f(l — 2cr cos ( 



(64) 



where the discrete variable a = ±1/2 labels the 
two-coordinate patches. Therefore four coordinates 
(p, 9, ip, a) can be used to parameterize the space, where 
the wave-function takes values. The invariant property of 
the gauge-field that correlates the spin and momentum as 
given by Eas.([6"2"]) and (|6"3")l can be made explicit, by not- 
ing that the sectional spin-states {z(0,£,a),a — 0,~ip} 
defined locally over the two-sphere, are eigen-states of 
the operator of the helicity, i.e. 

R N : ~a ■ p\z(9, ip, 0)) = +\\z{6, ip, 0)) (65) 

and 

R s : 1 -ct- t>\z{9, 0, -ip)) = + l -\z(9, 0, -ip)), (66) 

i,e, the helicity is conserved and can be identified with 
the first Chern number of the Hopf bundle Ci/2 = +1/2. 
That is because the flux of the "background magnetic- 
like field" B through the 2-sphere is the flux of the local 
spin vector field s(0,<p) = z^(er/2)z = +p(9,<p)/2 ((cf. 
also Eq.©) 



1 

2~TT 



— © B • dS = 



s^ 



|Vs(^) = l (67) 



where dQ = siii0d0dip is the area element on the two- 
sphere and p is the outward surface normal. In terms of 
the sectional spin states | ± (0, ip)), the spin-gauge fields 
on S 2 can be written as 

A(p,a) = -(a(0,p)\iV p \a(0,ip)) (68) 

The angular momentum operator in Eq. (|13p takes the 
simpler form 

L = r x p + (a(9, <p)\ (r x p + iff J \a(0, ip)), (69) 

and makes explicit the underlying total angular momen- 
tum operator folded between the states | ± (9, ip)) 



J = r x p H — a 



(70) 



A N =d<p\{~\z)\ 2 =Q, 



(62) 



to be the conventional kinematic angular momentum 
1 = r x p supplemented by a non-kinematic angular mo- 
mentum operator ^er acting on the sectional spin states 
±(0, ip). Therefore, the total gauge-invariant one-particle 



wave- function has an adiabatic form and representable by 
a product of orbital and spin-dependent factor 



1,M{e,<p) = Y£l(9,<p)\±(o,<p)) 



(71) 



where Yi mfl (9,ip) are the Wu-Yang wave-functions. The 
total wave-function is gauge-invariant, since when the 
U(l) phase of the sectional spinor | ± (9, ip) is locally 
changed, the phase of the angular wave-function rotates 
oppositely, and the total wave-function remains gauge- 
invariant. 

A dual Hopf bundle ff_i(= S 3 ) corresponding to def- 
inite helicity quantum number [i = eg = —1/2, or equiv- 
alently first Chern number c\ = — 1 can be defined in 
terms of the conjugate left-handed spinors z — (— z|) z*), 
which satisfy cr ■ pz(9,ip) — —z(9,ip). Then the flux of 
the local spin vector field is 



B-dS 



dfl p-s(9,tp) = -2?r, 



(72) 



and that is why the flux of the "background magnetic- 
like field" has a negative sign, since the spin-vector s 
points oppositely to the particle momentum p. Though 
the displacement operator V p can couple states of dif- 
ferent helicity /i = ±1/2, these states exhibit opposite 
Chern character c\ = +1 and c\ = — 1 and are topo- 
logically distinct. For free-particle states, the helicity 
[i = ±1/2 is conserved. 

It can be pointed out, that the one-particle formal- 
ism can be generalized to a system of N non-interacting 
particles, when the momentum space is 3iV dimensional. 
The description involves a gauge-potential one-form 



A = dp»A fl (p) 



(73) 



over K"" , where (p = 1,2, ...,3N) and p = 
{Pi>P2, ■ ■ ■ ,P3n) labels the points in R 3N . However, dif- 
ferent and more complex cooperative effects occur, since 
A^ correlates the actions of single-particle angular mo- 
menta operators in non-trivial way. In particular, this 
cooperative effect, could describe the effect of particle 
inter-change and statistics. 



IV. SCREENING 

When there is an external potential field U(r) present, 
the single-particle Hamiltonian is 



H=\p 2 + U{v) 



(74) 



and the corresponding Schrodinger equation for the 
eigen-states is 



Hm = E\y) 



(75) 



By assuming that helicity is conserved adiabatically, i.e. 
assume that a selection-rule A/z = is satisfied. That 



is because the external field U(r) is assumed to be topo- 
logically trivial, such that it can not change the helicity 
of the particle /i. On each patch, the total spin wave- 
function exhibits an adiabatic product form 



*(p) = ^(p)|*(0 >¥ O) 



(76) 



and that is why the patch label is suppressed. The orbital 
part of the wave- function can be expanded over complete 
set of monopole wave-functions 



V'(P) = Yl F i™n(p)Yi mfJ ,(9, <p) 



(77) 



where /i = eg is the helicity, / = |/i|, \fj,\ + 1, . . . is the 
orbital angular momentum quantum number and m = 
—I, . . . , I is the azimuthal quantum number. Expanding 
the external potential over Fourier components 



C/(r) = 5>(q)e 



tqr 



(78) 



substituting Eq. (|76|) into Eq. (|75]) , and projecting the re- 
sult onto a helicity eigenstate, we obtain the equation for 
the orbital part of the wave-function 

(p 2 /2 - E)1>e(p) + ]T t/(q)F p (q)V B (p - q) = 0, (79) 
q 

and a form-factor has been introduced 

F p (q) = (z(p)\e^\z(p)) = (z(p)\z(p - q)), (80) 

which has the effect to screen the Fourier components of 
the external potential U(q) — ¥ C/ C ff(p,q) = t/(q)F p (q). 
The spin-dependent form-factor can be computed from 
the function 



F(t) = (z(p)\z(p(t))) 



(81) 



on a straight line path p(i) = p(l — t) + (p — q)t, (0 < t < 
1) inter-connecting the wave-vectors p and q. The func- 
tion F(t) satisfies the initial condition F(t = 0) = 1 and 
F(t = 1) = ^(q) gives the form-factor. Differentiating 
Eq. ([5Tj) with respect to the parameter t gives 



F(t)=p.<*(p)|V p |*(p(i))> 



(82) 



and using that \z(p(t))) — F(t)\z(p(0))), an equation for 
the Berry's phase is obtained 



(83) 



F(t) = -p-A(p(t))F(t), 



where A(p) = (z(p)|iV p |z(p)) is the gauge field. Eq. ([83|) 
can be integrated along the straight line to give at the 
end point t = 1 the form-factor 



F(t = 1) = F q (p) = cxp (if dk ■ A(k) 

V Jp-q 



(84) 



The Schrodinger equation reduces to a pair of coupled 
equations for the wave-functions on the patches 

(p 2 /2-E)ip N (p) + Y, U(p-q)F N (p,q)^ N (q) + 

qS-RiV 

+ J2 C/(p-q)^s(p,q)V-s(q)=0 
qe-Rs 

(p 2 /2~E)yj s (p) + J2 f/(p-q)F s (p,q)Vs(q) + 
qefls 

+ J2U(p- q)F SN (p,q)ijj N (q) = (85) 

qG-Rjv 

where the patch label N(S), instead of a = ±1/2, is used. 
The form-factor for the northern patch is 

F N (p,q) = exp(i | dk-Ajv(k)J, (86) 

and similarly on the southern patch it is 

F s (p,q)=cxp(W P dk.A s (k)V (87) 

These form-factors can be evaluated from the overlap of 
the sectional spinors (±(q)| ± (p)), for instance 



Fn{<1, P) = cos - cos — + sin - sin — e <<P-<p') _ 



where q = (q, 9' , ip') and p = (p, 9, ip). When the integra- 
tion path crosses the equator, the spin projection a onto 
the z-axis flips, i.e. the coordinate patches interchange, 
and the phase- factor is evaluated from (cf. also Ref. [131 ]) 

*W(p,q) = F N (p,k E )e^ NS ^^F s (k E ,q) (89) 

Here k# is an equatorial vector in the overlap region of 
the two patches. It is determined from the crossing of 
the straight line interconnecting the pair (q, p) with the 
equatorial plane (9 = tt/2). Explicitly kg is given by 



ks = -q- 



Pz 



Pz 



p _it_ = (p * q) x n ( 90) 



Pz 



p • n — q • n 



where n = (0, 0, 1) is the unit-vector pointing along the 
z-axis. The azimuthal angle ifNS is given by 



tan^v S (p,q) = ^ P ^ %Pz 
k x p x q z - q x pz 



(91) 



The spin-transition form-factor F$n can be obtained 
from symmetry relation FsN(p,q) = F^ s (q,p). The 
matrix elements Ui> m \i m (p,q) of the screened potential 
are evaluated in basis of monopole harmonics Yi mil (9, ip) 
and coupled integral equations for the partial-wave am- 
plitudes Fi mfM (j>) must be integrated numerically. This 
mathematical formalism can be applied to the case of 
simple harmonic oscillator potential U(r) = r 2 /2, when 



numerical computation is not needed. The effective 
Hamiltonian for this particular case is 



H oS = ^(*V P - A(p)) 2 + l -p 2 



(92) 



and can be diagonalized in the basis of the spin- weighted 
Wu-Yang monopole harmonics, i.e. 



i>(p) = Y lm ± fl (e,i P )F l (p). 



(93) 



where fi = ±1/2 is the helicity, I = 1/2,3/2,... is the 
orbital angular momentum quantum number and m = 
—I,— I + 1,...,/. The effective Hamiltonian for radial 
motion is 



1_^2 

2p dp 2 



1(1 + 1) -1/4 , 1 , 
2 F 



H i(p) = --^p+ " k " ' ;: 2 — + ~p', (94) 



2p 2 



i.e. the gauge-field only changes the effective centrifugal 
barrier for radial motion. The wave- functions of Eq. (|94[) 
are analytic and given by means of generalized Laguerre 
polynomials 



^(p)=/e-^ L r+i/ V); 



(95) 



where I* = -Jl(l + 1)— 1/2 is an effective fractional angu- 
lar momentum and v = 0, 1, 2, ... is a vibrational quan- 
tum number, which counts the nodes of the momentum- 
space wave-functions. The energy levels of the helicity- 
carrying oscillator eigen-states are Z-dependent 



E vl = 2v + y/l(l + 1) + 1 



(96) 



and for a given v, levels are (21 + l)-fold degenerate, cor- 
responding to their independence on the magnetic quan- 
tum number m. In the simplest case, when the parti- 
cle is spin-less fi = eg = 0, the harmonic oscillator en- 
ergy levels are given by 2v + Iq + 3/2 for lo = 0, 1, 2, 

These states can be labeled by a single quantum number 
N = 2v + Iq. Each level of principal quantum number N 
is (N + 1)(N + 2) /2-fold degenerate. In opposite, when 
the particle is carrying a helicity fi — ±1/2, this de- 
generacy is lifted, and states can not be classified by a 
single quantum number N. This is becaus e the effective 
orbital angular momentum I* — y/l(l + 1) — 1/2 is frac- 
tional. Therefore the principal effect of the gauge-field is 
to lift degeneracy of conventional harmonic oscillator en- 
ergy levels, which split depending on both the vibration 
quantum number v = 0,1,2,... and the orbital angular 
momentum quantum number I — 1/2, 3/2, . . .. 

In the case of hydrogen atom, represented by a 
Coulomb potential Zr^ 1 , similar effect of splitting of 
the energy levels can occur due to the screening of the 
Coulomb field by the hclicity-carrying particle. We ex- 
pect that the effect of energy-level splitting is small, as 
the observed fine-structure of energy levels of hydrogen 
shows, and numerical computation must be made in or- 
der to verify if such an effect of spin-dependent screening 
is small or negligible. 



V. CONCLUSION 

The local phase invariance of the momentum-space 
Schrodinger equation has been used to describe the mo- 
tion of a non-relativistic particle with spin and helicity. 
As a byproduct, effective one-particle Schrodinger equa- 



tion of motion in external field is derived, which predicts 
an effect of spin-dependent screening of the external po- 
tential. The approach is applied for simple harmonic os- 
cillator potential and shown that the effect of screening 
affects rotation energy level splittings. 
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